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REPRESENTATIONS OF THE HOMOTOPY SURFACE 
CATEGORY OF A SIMPLY CONNECTED SPACE 

MARK BRIGHTWELL AND PAUL TURNER 



1. Introduction 



At the heart of the axiomatic formulation of 1+1-dimensional topological 

f-H ' field theory is the set of all surfaces with boundary assembled into a category. 

■^ . This category of surfaces has compact 1-manifolds as objects and smooth 

oriented cobordisms as morphisms. Taking disjoint unions gives a monoidal 
structure and a 1+1-dimensional topological field theory can be defined to 
be a monoidal functor E : S ^ Vectc normalised so that ^'(cylinder) = 
identity. Here Vectc is the category of finite dimensional complex vector 
spaces and linear maps, with monoidal structure the usual tensor product. 
, It is well known that to specify a 1+1-dimensional topological field theory 

vQ ■ is the same thing as specifying a finite dimensional commutative Frobenius 

Pn| . algebra. 

^^ I There is a natural generalisation of the category of surfaces, where one 

introduces a background space X and considers maps of surfaces to X. 

Q"^ ] Once again a monoidal category emerges. In this paper we explain how for 

On ' a simply connected background space, monoidal functors from this category 

to Vectc can be interpreted in terms of Frobenius algebras with additional 



ti I structure. The main result is Theorem 4.1. Although we use C throughout, 

C^ ■ any other field will give the same results. 

We thank Ran Levi, Paolo Salvatore and Ulrike Tillmann for helpful 
conversations. 
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H 2. Surface categories 

c^ , 

There are a number of candidates for the title of surface category of a 
space, all requiring some care in their formulation. Firstly recall the defini- 
tion of the category of surfaces which we denote by S (see for example ||l| , 
||5|). Let C be a parametrised circle. There is an object Sn of S for each nat- 
ural number n consisting of an ordered set of n-copies of C. Morphisms from 
Sm to Sn are pairs (S,a) where S is a smooth oriented surface equipped 
with an orientation preserving homeomorphism a: dT, -^ Sm U Sn, where 
Sm means Sm with its opposite orientation. Two pairs are identified if there 
is a diffeomorphism T: Si — > E2 satisfying 02 o T|as = "i- Composition 
of morphisms is by gluing surfaces via the maps a (in fact because of the 
identifications of morphisms this is determined by a labelling of the bound- 
ary components and their orientations). Also S has a monoidal structure 
corresponding to juxtaposition of objects and surfaces. 

It is a common procedure (e.g. in topological sigma models, string theory 
etc ) to introduce a background manifold X and no longer consider abstract 
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2 MARK BRIGHTWELL AND PAUL TURNER 

surfaces but maps (of a suitable kind) from surfaces to X. That one can 
assemble a category in this way is an idea of Segal and we refer to Q for an 
early appearance of this idea. Of the possible variants available we require 
our surface categories to have a minimum of structure, in particular we can 
deform surfaces in X by homotopies relative to the boundary. 

Definition 2.1. The homotopy surface category of X, denoted by SX, is 
the category defined as follows: 

• Objects are pairs {S, s) where S is an object of S and s: S ^> X is a, 
continuous function. 

• Morphisms from {S,s) to {S',s') are triples (S,a, o") where 

1. S is an smooth oriented surface 

2. a: SS -^ S°P\JS' is an orientation preserving homeomorphism and 

3. cr: S ^ X is a continuous function such that (T|gs ° o~^ = s U s'. 
We identify (Si,ai,o"i) with (E2,a2,0'2) if there exists a diffeomor- 
phism T: Si — > S2 satisfying 02 o T\q^ = ai and (T2 o T ~gx; c^i (here 
—dT, means homotopy relative to the boundary). 

It is sometimes useful to think of this as the loop world equivalent of 
the fundamental groupoid. Composition is by gluing using the maps a for 
identification. SX has a natural monoidal structure: define {S (^ S',s ® s') 
and (El (g) S2, ai <8> 02, fi (^ (T2) by taking the maps s0 s' and o"i ® oi to be 
the disjoint union of the two original maps on the juxtaposed components. 

Remark 2.2. When X = pt there is a unique map S ^ X for any surface 
X and we have SX = S. 

Let Vectc be the category of finite dimensional complex vector spaces and 
linear maps, with monoidal structure the usual tensor product and recall: 

Definition 2.3. A monoidal representation of a a monoidal category C is a 
functor F: C ^ Vectc respecting the monoidal structure i.e. F(fS) = C and 

F{A®B) = F{A)®cF{B). 

We will write MonRepc(5X) for the set of monoidal representations of 
SX. This is in fact a category where a morphism between Fi and F2 is a 
natural transformation of monoidal functors. It is this category for a simply 
connected space which this paper investigates. 

Segal suggests that just as representations of path categories give rise 
to the geometry of vector bundles, so should the representations of surface 
categories give rise to interesting geometry involving the free loop space. 
For the simply connected case and monoidal representations we will write 
about this elsewhere. 

3. A-Frobenius Algebras 

There is a "folk" theorem (made precise by Abrams Q ) stating that there 
is a 1-1 correspondence between 1+1-dimensional topological field theories 
and finite dimensional commutative Frobenius algebras over C Recall that 
a Frobenius algebra over C is an algebra V over C with unit for which there 
exists an isomorphism of ^-modules V = V* . Equivalently there exists 
a linear form 0: y — > C whose kernel contains no non-trivial ideals . The 
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correspondence assigns the vector space V = £'(circle) to a l+l-dimensional 
topological field theory E: S ^ Vectc and the genus zero surface with 2+1 
boundary circles (the pair of pants) gives the algebra multiplication and the 
cap gives the trace map 9. 

In order to generalise this to monoidal representations of SX for simply 
connected X we need the notion of an A-Frobenius algebra, where A is a 
finitely generated abelian group. 

Definition 3.1. Let Abe a finitely generated abelian group. An A- Frobenius 
algebra over C is a commutative C[A]-algebra V with unit, for which there 
exists an isomorphism of 1^- modules V = V* , where V* = Homc(l^, C). 

Remark 3.2. Alternatively one can think of an A-Frobenius algebra over 
C as a commutative Frobenius algebra V together with a representation 
i: A^GL{V) such that 

i{a){x • y) = i{a)x ■ y = x ■ i{a)y 

where a ^ A, x,y ^V and x ■ y is the algebra product. 

A-Frobenius algebras form a category which we will denote FrobAlg^Mi. 
Morphisms are taken to be C[A]-algebra isomorphisms preserving the form 
6. 

Example 3.3. One of the first examples of a Frobenius algebra is the group 
ring C[H] for a finite abelian group H where the Frobenius map is given by 
^ = [1]*. Here {[/i]}/ig_ff is a basis for the vector space C[/7], and {[/i]*} the 
dual basis of C[if]*. For details see Abrams [|l|. Now let A be a subgroup 
of H then C[H] is an A-Frobenius algebra under the natural action of A i.e. 
for a ^ A 

^(a)(X] '^h[h]) = ^ ah[ah] 

h&H h&H 

Example 3.4. Another source of Frobenius algebras is the cohomology ring 
H* (M) of a compact manifold where Poincare duality ensures the Frobenius 
structure. Quantum cohomology also provides Frobenius algebras. Allow- 
ing V to be infinite dimensional it is known that QH*{M) of a symplectic 
manifold is a Frobenius algebra, but it is also naturally a F-Frobenius al- 
gebra, where F is the image of the Hurewicz homomorphism into integral 
homology modulo torsion. Here we are taking QH*{M) = H*(M)0A where 
A is the Novikov ring associated to the homomorphism a; : F — > Z induced 
by the symplectic form (see McDuff and Salamon [^ for details) . Using the 
notation of Q an element x € QH*{M) may be written in the form 

feer 
and the F action is given by 

6er 
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4. An equivalence of categories 

For the rest of the paper X will be simply connected. The main Theorem 
of the paper is: 

Theorem 4.1. Let X be a simply connected topological space. There is an 
equivalence of categories 

MonRepc(5X) ^^ FrobAlgc[^,x] 

In order to prove this result we need to first cut down the size of SX 
by considering its skeleton, that is we identify all isomorphic objects of the 
category to obtain a new equivalent category. 

Lemma 4.2. For X simply connected, {S, s) = (S", s') if and only if S* = S' . 

Proof. Suppose that S = 6", then since X is simply connected s ~ s', that 
is we have a homotopy S x I ^ X agreeing with s and s' on the boundary. 
Thus taking T, = S x I with the obvious identifications with S at on the 
boundary we see we have a morphism from (S, s) to (S", s'). It is clear this 
morphism is invertible and hence {S,s) = (5",s'). 

Conversely, suppose that {S,s) = {S',s') via a morphism (S,a,cj) with 
inverse (S*,a*,(T*) . Then the composition {T,,a,a)(T,* ,a*,a*) must be 
identified with the identity morphism on {S,s). In particular the glued 
surface SS* must be diffeomorphic to S" x / in which case S and S* must 
be made up of cylinders and so S" = S". D 

We chose a representative of each isomorphism class as follows. Define 

Cn:Sn = l[S'^X 
n 

to be the unique collapse map to a chosen basepoint of X. Define TX to 
be the full sub category of SX with set of objects {(S'„,c„)}. By the above 
lemma TX is the skeleton of SX. 

Observe that TX has a natural monoidal structure induced by that on 
SX. So we have: 

Lemma 4.3. There is an equivalence of monoidal categories SX ^^ TX. 

For convenience we will denote the object {{Sn,Cn) simply as n. Note 
that using the monoidal structure n = l(8'l(8'---(S'l. 

Lemma 4.4. Let S be an arbitrary surface of genus / > consisting of d 
connected components (closed or with boundary). Pick a base point * on 
X. If X is simply connected then there is a one-to-one correspondence 

[S,aS;X,*] < >(7r2X)'* 

Proof. First assume S is closed, connected of genus g. There is a cofibration 

where x is the "commutator" map. Applying Map^(— ,X) we get a cofibra- 
tion 



Map,(S, X) {nX)^9 -L^ Qx 
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The long exact homotopy sequence gives 

*- {TTiQXfB 2^1^ T^-^Qx ^ [S, X], ^ M^Xf^ ^ • • • 

X* is trivial since QX : i7(0X)^^ -^ Q^X is null by homotopy commuta- 
tivity. Since ttiX = ttoQX is trivial it follows that the middle map is an 
equivalence. Moreover for simply connected X we have [S,X]^< = [S,X] so 
7r2X = [E,X] = [S,9S;X,*]. 

Next assume that S is connected, genus g and dT, ^ with k boundary 
components. Let S be the surface obtained from S by sewing in k discs. 
Let Pi be a point in the i'th disc. There is a fibration 

Map(S, {pi,... ,pk}; X, *) Map(S, X) x'' 

whence an exact sequence 

(^^X)'= [S, {pi, . . . ,pkh X, *] [S, X] (vroX)^ 

The extremities are trivial so [S, {pi, ... ,pk};X,*] = [S, X]. Thus 

[S,9S;X,*] = [S,{pi,... ,Pk};X,*] = [S,X] =^2^ 

Finally for a general surface each of its d connected components (closed 
or not) corresponds to an element of tt2X by the above. D 

In view of this discussion we will denote a morphism (S, a, a) of TX by 
Sg where g = {gi, . . . , g^) G {TT2Xy is the sequence of elements of 7r2X given 
by the above Lemma. The maps a will be suppressed. The unit of tt2X will 
be denoted by 1 and sequence of I's by 1 G {-1T2XY. 

Remark 4.5. In other words morphisms of TX are morphisms of S with a 
labelling of each component from 7r2X. In light of this it is easy to see that 
if X is 2-connected then there is an equivalence of categories SX <-^ S. 

Remark 4.6. It is tempting to think there might be a monoidal equivalence 
between TX and S x tt2X. This cannot be the case in general: any such 
equivalence takes cq to {Sq, 1) and would induce an equivalence between the 
monoids of endomorphisms of these objects, however these can be seen to 
be different. 

Lemma 4.7. Let T, and T,' be surfaces. Then 

SgS/l = (S S)/ 

where fi is the product of all gj^s and h^s forming the connected component 
fi of S'S. 

Proof. Gluing of two connected components corresponds to multiplication 
in 7r2X, and for the i'th component of S'S we multiply all components of 
T,' and S forming that component. 
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D 

In particular for connected morphisms S^j and S^g (where gi G tt2X), 

^91^92 = (^ '^)gig2 
Now let 

E-.rX ^ Vectc 

be a monoidal representation of TX. E[n) is determined by V := E{1) 
since 

E{n) = ^(1 ® . . . o 1) = ^(1) ® • • • ® e(l) = y®" 

To each morphism Tig £ TX{m,n), E assigns a linear map 

Lemma 4.8. A monoidal representation E: TX -^ Vectc induces a Frobe- 
nius algebra structure on £'(1). 

Proof. Let T^X be the subcategory of TX with objects those of TX and 
morphisms 

{Si:Sin5}c morphisms of TX 

Note that the morphisms of T^X are closed under composition by Lemma 
4.7. The correspondence S <-^• Si then induces an equivalence of categories 
S <-> T^X. The composition S <-> T^X —>■ TX —>■ Vectc gives a Frobenius 
algebra structure on £'(1) by Proposition 13 in [Q]. D 



The remainder of this section is devoted to the proof of Theorem 4.1 
First we see that a monoidal representation E: TX 



Vectc gives rise 

to a 7r2X-Frobenius algebra. Let V = E{1) which courtesy of Lemma [4.8| 
is a Frobenius algebra. Denote by Ig G TX{\, 1) the cylinder labelled with 
g E 'K2X. Define 

i: TT2X ^GL{V) 

by 

i{9) = E{Ig) 
Writing ig for i{g), note that ig is indeed invertible since 

E{lg)E{lg-.) = E{lglg-.) = E{h) = idv. 
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The property 

(1) ig{x ■y) = igX-y = x-igy. 

follows from 




recalling that the pah'-of-pants induces the algebra structure on V . 

Moreover a natural transformation of monoidal functors induces a mor- 
phism of 7r2X-Frobenius algebras. Consider a monoidal natural transforma- 
tion (j) between Ei and E2 which by definition assigns to object n a map 



(t)n:Ei{l 
diagram 



\®n 



Eoil 



iiSJn 



such that every morphism Sg gives a commutative 






^2(1)®'" 



^i(l)®" ^^2(1)'^" 



By the definition of a monoidal functor we have 4>n = (A?" ^-iid it follows 
from Q that c^i is a Frobenius algebra isomorphism. 7r2X-linearity follows 
from the commutativity of 



E^{1)^Ue2{1) 



Ei{I,) 



E2(h) 



E,{l)—^E2{1) 
We have thus defined a functor 



F: MonRepcCTX) -^ FrobAlg, 



C[7r2X]- 



Now consider a Frobenius algebra V together with a representation i of 
7r2X on V satisfying (|l]). To such a Frobenius algebra we wish to assign 
a monoidal representation E of TX. We will set E(l) = V and define 
-E(pair-of-pants) : F (8) V ^ 1^ to be the multiplication in V. Letting I™ = 
Ig^ be a morphism consisting of m straight cylinders such that 

■ ®ig^, recalling that ig^ G 



\{9i 



9{g,gieTr2X),de^neE{I^) 



"91 



GL(y). To define E for an arbitrary surface we first show that the entire 
category TX can be recovered from T^X and {Ih}hGTT2X (by composition 
and monoidal structure). 
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First assume Tig E TX(m,n) is a connected surface and not a morphism 
to the empty manifold (that is n > 0). Then the following diagram com- 
mutes 



If m, > we have similarly 




m ■ 



m 



-^ n 




For a closed connected surface Sr 



{n = m = 0), capping the cylinder Ig 
suffices; let D, E be the discs to and from the empty manifold respectively 
and Tig be the morphism in TX{1, 1) obtained from Tg by removing a disc 
at each end. We have 



^0 



Is El 



Di 



Si 



It follows from this discussion that any surface Tg € TX(m, n) can be 
decomposed (non-uniquely) into surfaces in T^X and {/^}gg,r2X- Using 
such a decomposition we can define a map 



E{Tg):V'' 



V^ 



A priori this depends on the decomposition, but as we now see it is in fact 
independent of that choice. The hard work is contained in the proof that 
MonRepj- (5) <-> FrobAlgj^ (see Q) where it is shown that any decomposition 
of a surface into the five basic surfaces is independent of the slicing. We 
need only in addition to know that the map E{Tg) above is independent of 
the labellings of the components by tt2X. This follows from the fact that 



igix-y) =igX-y = x-igy. 



Furthermore, a morphism (f) of 7r2X-Frobenius algebras induces a monoidal 
natural transformation by setting (pn = (j)®"^ . The discussion above and 'IT2X- 
linearity ensure we get a monoidal natural transformation. 

So we have a functor 

G: FrobAlgc[^2X] ^ MonRepc(TX) 

It is easy to see that F o G = 1 and G o F = \ so there is an isomorphism 
of categories 

MonRepc(TX) ^ FrobAlgc[,,x] 
Finally using Lemma [4.3| we get the desired equivalence 

MonRepc(5X) ^ FVobAlgc[^,x] 
completing the proof of the main theorem. 
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